
Fast algorithms for min independent dominating set
∗

Abstract

We first devise a branching algorithm that computes a minimum independent dominating set
with running time O

∗(1.3351n = 20.417n) and polynomial space. This improves the O
∗(20.441n) result

by (S. Gaspers and M. Liedloff, A branch-and-reduce algorithm for finding a minimum independent

dominating set in graphs, Proc. WG’06). We then study approximation of the problem by moderately
exponential algorithms and show that it can be approximated within ratio 1 + ǫ, for any ǫ > 0, in
a time smaller than the one of exact computation and exponentially decreasing with ǫ. We also
propose approximation algorithms with better running times for ratios greater than 3; we finally give
improved results in triangle-free and bipartite graphs based on a bound on the number of maximal
independent sets of a given size in these graphs, which is a result interesting in itself.

1 Introduction

Given a graph G(V, E), an independent set of G is a subset S ⊆ V such that, for any (vi, vj) ∈ S × S,
(vi, vj) /∈ E. An independent dominating set is an independent set that is maximal for inclusion. min

independent dominating set is known to be NP-hard [9]. Furthermore, it is also very hard from an
approximation point of view, since no polynomial algorithm can approximately solve it within ratio |V |1−ǫ,
for any ǫ > 0, unless P = NP [11].

For min independent dominating set, the trivial O∗(2|V |) bound has been initially broken by [13]
down to O∗(3|V |/3) = O∗(20.529|V |) (notation O∗(·) is used to measure complexity of an algorithm ignoring
polynomial factors) using a result by [14], namely that the number of maximal (for inclusion) independent
sets in a graph is at most 3|V |/3. This result has been dominated by [10] where using a branch &
reduce technique an algorithm optimally solving min independent dominating set with running
time O∗(20.441|V |) is proposed.

In this paper, we first devise a branching algorithm that computes a minimum independent dominating
set in general graphs with running time O∗(20.417|V |) and polynomial space. We then tackle approximation
of min independent dominating set by moderately exponential algorithms and show that there exist
(1 + ǫ)-approximations obtained in time O∗(20.417(1−ǫ/168)n) for every ǫ 6 5; we also propose algorithms
with significantly better running times for ratios greater than 3. We finally study the problem in triangle-
free and bipartite graphs. We first give a general bound on the number of maximal independent sets of
size at most k in these graphs, result of independent interest. Combining this result with the previous
techniques leads to approximation algorithms with better running times. Note that an extended abstract
of this article has been presented in [4]. This full version contains improvements both for the exact and
the approximation algorithms.

In what follows, given a graph G(V, E) and a vertex v ∈ V , we denote by N(v) the neighborhood
of v, by N [v] = N(v) ∪ {v} the closed neighborhood of v, by d(v) = |N(v)| the degree of v. For a subset
H ⊂ V , we denote by G[H ] the subgraph of G induced by H . For v ∈ H , for some H ⊂ V , we denote
by d′H(v) the degree of v in G[H ]; when no confusion arises, we simplify notations using d′(v) instead.
For convenience, we set N [H ] = {N [v] : v ∈ H}. We use δ and ∆ to denote the minimum and maximum
degree of G, respectively. For simplicity, we set n = |V | and m = |E|; T (n) stands for the maximum
running time an algorithm requires to solve min independent dominating set in a graph containing
at most n vertices.

Branch & reduce-based algorithms have been used for decades, and a classical analysis of their running
times leading to worst case complexity upper bounds is now well-known. If one knows that computing
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a solution on an instance of size n amounts to computation of a solution on a sequence of p instances of
respective sizes n − k1, . . . , n − kp, one can write

T (n) 6
∑

i6p

T (n − ki) + q(n) (1)

for some polynomial q. The running time T (n) is bounded by O∗(cn), where c is the greatest root of
1 =

∑

i6p x−ki . This root is often called the contribution of the branching to overall complexity factor,
or the branching factor. In the sequel, we will omit for simplicity to precise the additive polynomial
term q(n) in recurrence relations. Of course, it is possible that there does not exist only one single
recurrence as in (1), but several ones, depending on the instance. In this case, the running time is never
greater than what is needed to solve an instance where at every step we make a branching that has the
highest possible branching factor, i.e., the largest solution of (1). This is actually not true anymore when
doing multiple branchings such as “either we take a or not, and if we add a to the solution then we know
that b has degree 3 in the remaining graph and one can make a very good branching on it . . . ”. Indeed, it
might be the case that the global worst case of the multiple branching does not correspond to the worst
cases of the single branchings it involves. In the sequel, we keep this remark in mind in order to compute
worst case running times involving multiple branchings.

2 General recurrence

Following an idea by [10], we partition the graph into “marked” and “free” vertices. Marked vertices are
those that have already been disqualified from belonging to optimum, but still remain non-dominated.
Indeed, we generalize the problem at hand in the following way: “given a subset W ⊆ V (W is the set of
free vertices), find the minimum independent set in W that dominates V ”. Notice that, without further
hypothesis on W , this problem may have no solution (for instance, when V \ W contains a vertex and
its whole neighborhood); in this case, we set opt(G, W ) = ∞, where opt(G, W ) denotes the value of the
optimum for the problem in inverted commas just mentioned.

In what follows, two vertices v and u are said to be equivalent if N [u] = N [v]. In this case, we can
remove one of them from the graph (a marked one if any).

Let us first consider a very simple branching, on a vertex v of minimum degree d(v) = δ. We can
always suppose that δ > 1, since (not marked) isolated vertices must be added to the solution. Our
solution has to dominate v; hence, at least one vertex of N [v] must belong to the solution, and this vertex
must be a free one. Furthermore, if some vertex u belongs to the optimum, its neighbors do not so and
they can be removed from the graph. Hence, we have the following recurrence:

opt(G) = 1 + min
u∈W∩N [v]

{opt(G[V \ N [u]])} (2)

By hypothesis, d(u) > δ, so we get the following inequality:

T (n) 6 (δ + 1 − r)T (n − δ − 1)

where r is the number of marked vertices in N [v]. Remark that the order we use to examine neighbors ui,
i = 1, . . . , δ of v is important, since the branches are not [v; u1; u2; . . . ; uδ] but [v; v̄u1; v̄ū1u2; . . . ; v̄ū1 . . . ¯uδ−1uδ]
where for a vertex u, ū means “not u”, i.e. u is marked in the corresponding branch (see Figure 1).

Remark that the complexity of the branching is decreasing with δ, for δ > 2. So, a straightforward
idea is to perform a fine analysis on graphs of low minimum degree. Formally, our algorithm works as
follows: (1) if there exists a marked vertex of degree 3 or less, or a vertex which is adjacent to only one
free vertex, make a branching according to what is described in Section 3; (2) otherwise, pick a vertex of
minimum degree, and branch as described in Section 4.

In the analysis of the running time of the algorithm above, we adopt a measure and conquer approach
(see for instance [8]). More precisely, we do not count in the measure the marked vertices of degree at
most 2 (they receive weight 0), and we count with a weight w = 0.2202 the marked vertices of degree 3.
The other vertices count 1 (i.e., they are counted as they are). We so get recurrences on the time T (p)
required to solve instances of size p, where the size of an instance is the sum of the weights of its vertices.
Since initially p = n, the overall running time is expressed as function of n. This is valid since when
p = 0, there are only marked vertices in the graph and, in this case, the problem is immediately solved
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Figure 1: The four branches [v; v̄u1; v̄ū1u2; v̄ū1ū2u3]. Shaded nodes are marked.

(indeed, there is no solution). Note that this way of measuring progress is introduced in order to simplify
the branching analysis (actually, we could obtain a similar result without measure and conquer but with
a more technical analysis).

3 Branching on marked vertices or vertices which are adjacent to only one

free vertex

Remark first that, if there exists an edge between two adjacent marked vertices, we can remove this edge.
This does not increase the complexity measure p.

We branch as follows: if there exist a marked vertex of degree at most 2 or a (free) vertex which is
adjacent to only one free vertex (Lemma 1) or, finally, a marked vertex of degree 3 (Lemma 2) then stay
in Section 3, otherwise (there are no such vertices), go to Section 4.

Lemma 1. Assume that some vertex of degree at most 2 is marked, or that some free vertex is adjacent
to only one free vertex. Then, either the algorithm stops (there is no solution), or we can remove at least
one vertex of weight 1 without branching, or, finally, T (p) 6 T (p − 2) + T (p − 4) (or a better branching
occurs); this branching contributes to the overall complexity with a factor λ 6 1.2721 = 20.348.

Proof. The proof is based upon the study of two cases. In what follows, we call “heavy” a vertex of
weight 1 and “light” a vertex of weight w, that means a marked vertex of degree 3.

Case 1. There is some marked vertex v of degree at most 2.
If v has no (free) neighbor, then opt(G) = ∞ (where opt(G) denotes the value of the optimum in G).

If v has exactly one free neighbor u we add u to the solution and we reduce the current instance’s size
by 1 without branching.

Suppose now that v is marked and that is adjacent to u1, u2 (which are free). Then:

opt(G) = 1 + min {opt (G \ N [u1]) , opt (G \ N [u2])}

If both u1 and u2 are adjacent to at least 2 heavy vertices, then T (p) 6 2T (p − 3), that is better than
the result claimed. If some ui is adjacent only to marked vertices, we must add it to the optimum,
decreasing p by 1 without branching. Otherwise, u1 is adjacent to only one free vertex t1 and u2 is
adjacent to at least one free vertex t2. We first suppose that u1 and u2 are not adjacent. Then, one of
the following situations occurs:

• If t1 = t2, the only possibility to have both u1 and v dominated is to add u1 to the solution; thus
we reduce the current instance without branching.

• Otherwise we branch on v. When we add u2 to the solution, we must add t1 too, in order to
dominate u1; this leads to T (p) 6 T (p− 2) + T (p− 4).

If none of the former cases happens, then we know that each marked vertex v of degree 2 has two neighbors
u1 and u2 that are adjacent to each other with at least one of them, say u1, which is not adjacent to any
other free vertex. Then we can remove v without branching, because we already need to take either u1
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or u2 to dominate u1. Note that u1 is adjacent to only one free vertex, so we are in the second case of
the lemma.

Case 2. There is a vertex u1 adjacent to only one free vertex u2, and there is no marked vertex of degree
at most 2.

Note that we can remove any marked vertex which is adjacent to both u1 and u2 (such a vertex will
be dominated anyway).

We now distinguish the following cases:

(a) u2 is adjacent to at least two other heavy vertices. We immediately get T (p) 6 T (p− 2)+T (p− 4).

(b) Both u1 and u2 are adjacent to (at least) one other heavy vertex. We get T (p) 6 T (p−2)+T (p−4).

(b) u2 is adjacent to (exactly) one other free vertex t2.

– If d(u1) = 1, then we branch on t2 and get at least T (p) 6 2T (p − 3) (or even better if t2 is
marked);

– If the sum of the number of light neighbors of u1 and u2 is at least 2, we branch on u2 and get
T (p) 6 T (p− 2 − 2w) + T (p− 3− 2w), that leads to λ 6 1.269 (remember that a light vertex
that looses a neighbor has weight 0).

– The only remaining case is when u1 has exactly one light neighbor v and u2 has no light
neighbor. We branch on t2. If we do not take it, we shall take u1 (since u2 becomes of degree
1), so we get T (p) 6 2T (p− 3).

(c) u1 is adjacent only to light vertices, and u2 is adjacent only to marked vertices.

– If u1 is not adjacent to any other vertex, we can immediately remove it and add u2 to the
solution.

– If u1 and u2 are both adjacent to two light vertices, we get T (p) 6 2T (p− 2− 4w), that leads
to branching factor 1.2721.

– If u1 is adjacent to two light vertices and u2 is adjacent to one heavy (marked) vertex, we get
T (p) 6 T (p − 2 − 2w) + T (p− 3 − 2w), that leads to branching factor 1.2689.

– By symmetry, the only remaining case occurs when u1 is adjacent to exactly one light vertex
v, and u2 to at least one (other) marked vertex t. Let x and y the two other neighbors of
v. Note that if we take x or y, we can remove u1 and add u2. Then, if x and y are both
adjacent to at least two free neighbors (see Figure 2), we branch on v, taking either x, y or
u1, and get T (p) 6 2T (p − 5 − 2w) + T (p − 4 − 2w) (or even better if t is heavy), that leads
to a branching factor 1.2412. Otherwise, x has only one free neighbor x′ and we branch on x,
getting T (p) 6 T (p− 4 − 2w) + T (p − 2 − w) 6 T (p − 4) + T (p − 2).

��
��
��

��
��
��

1u u

v

x y

2

Figure 2: v is marked. x and y may or may not be adjacent.

Lemma 2. Assume some vertex v of degree 3 is marked. Then, at worst, T (p) 6 T (p− (3+w))+2T (p−
(4 + w)), and the branching factor induced is λ 6 1.3299 = 20.411.
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Proof. Let {u1, u2, u3} be the three neighbors of v where w.l.o.g. d(u3) > d(u2) > d(u1) > 3 as
{u1, u2, u3} are adjacent to v and to at least two other free vertices. One of the following situations
occurs:

1. u2 and u3 are adjacent to at least three free vertices. Then, by taking either u1, u2 or u3, we
get one branch of size at most p − (3 + w) and two branches of size at most p − (4 + w) that is
T (p) 6 T (p− (3 + w)) + 2T (p− (4 + w)).

2. u1 and u2 are adjacent to two free vertices and u3 is adjacent to at least three free vertices with u1

and u2 non adjacents. Then, by considering the branches [u1; u1u2; u1u2u3] (taking either u1, or
u2 but not u1, or u3 but not u1, u2), we get again one branch of size at most p − (3 + w) and two
branches of size at most p − (4 + w) that is T (p) 6 T (p− (3 + w)) + 2T (p− (4 + w)).

3. u1 and u2 are adjacent to two free vertices and u3 is adjacent to at least three free vertices with u1

and u2 adjacents. Notice that neither u1 nor u2 are adjacent to u3 or else we can remove v without
branching. Then, by considering the branches [u1; u2; u1u2u3], we get two branches of size at most
p−(3+w) and one branch of size at most p−(6+w), that is T (p) 6 2T (p−(3+w))+T (p−(6+w))
corresponding to O∗(1, 3189n).

4. u1, u2 and u3 are adjacent to two free vertices with u1, u2 and u3 non adjacents. Then, by
considering the branches [u1; u1u2; u1u2u3] , we get one branch of size at most p − (3 + w), one
branch of size at most p − (4 + w) and one branch of size at most p − (5 + w), that is T (p) 6

T (p− (3 + w)) + T (p − (4 + w)) + T (p− (5 + w)) corresponding to O∗(1, 3046n).

5. u1, u2 and u3 are adjacent to two free vertices with u1 and u2 adjacents. Notice that neither u1

nor u2 are adjacent to u3 or else or else we can remove v without branching. Then, by considering
the branches [u1; u1u3; u1u3u2], we get one branch of size at most p − (3 + w) and two branches of
size at most p − (4 + w), that is T (p) 6 T (p − (3 + w)) + 2T (p− (4 + w)).

4 Branching on vertices of minimum degree

We now suppose that the graph does not contain any marked vertex of degree at most 3, and that every
vertex is adjacent to at least two free vertices. Then, we branch on the vertex of minimum degree. If
this minimum degree is at least 6, then the branching given in Section 2 gives a sufficiently low running
time. We distinguish in the following lemmata the different possible values of the minimum degree. Let
us start with two preliminary remarks.

Remark 1. When branching on a vertex of minimum degree δ, we can always assume that it is adjacent
to at least one vertex of degree at least δ + 1. To see this, notice first that the branchings performing
by the algorithm never increase the degree of a vertex. Then, in we branch on a connected δ-regular
graph, the subgraphs will never be δ-regular again in the induced branches (even in case of disconnection).
Thus, such branchings may increase the global running time only by a constant factor. In particular, if
δ = 6, the branching given in Section 2 gives T (p) 6 6T (p − 7) + T (p − 8) leading to a branching factor
1.314 = 20.394.

To see this more formally, let us suppose that branchings on non-regular graphs, or on d-regular
graphs with d > 7, lead to a branching factor at worse α (i.e.

∑

i αp−ki 6 αp for all these branchings,
where ki denotes the reduction in the ist branch). We show by recurrence that in any connected graph
of degree at most d which is non d-regular, the number of leaves in the tree is T (p) 6 cdα

p where cd = 7!
for d > 7 and cd = d! for d 6 6 (we could also take much lower values of cd). First, if we perform a
“good” branching, i.e. a branching on a graph of maximum degree d, but not d regular if d 6 6: we get
T (p) 6

∑

i T (p − ki) 6 cdα
p−ki 6 cdT (p) (since the branches are not d-regular, and cd is not increasing

with d), and this is even better if we get several connected components in one branch. If we perform a
branching on a graph which is d-regular for d 6 6, then we get d + 1 branches where the subgraphs are
of degree at most d but not d-regular (and this is true in each connected components if there are several
ones). Hence, T (p) 6

∑

i cdα
p−ki 6 (d + 1)cdα

p = cd+1α
p.

Remark 2. Suppose that we branch on a vertex v which has a neighbor u1 adjacent to at most three
free neighbors. Let us consider the branch where we take uk not adjacent to u1 (for 2 6 k 6 d(v)). In
this branch, u1 is marked.
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• If NW (u1) ⊆ NW (uk), then we cannot take uk and this branch is useless.

• If there is only one vertex t in NW (u1) \ NW (uk), then in this branch we have to take t and we
remove at least d(uk) + 3 vertices (d(uk) + 1 by taking uk, and t and u1 by taking t).

• Otherwise, u1 has two other free neighbors t1, t2 which are not in N(uk). In this branch we create a
marked vertex (u1) of degree 2 and hence we reduce p by d(uk)+ 2. Thanks to Lemma 1, a further
branching on the created marked vertex of degree at most 2, gives two branches where p reduces by
at least d(uk) + 2 + 2 and d(uk) + 2 + 4, the other possible branchings of Lemma 1 always leading
to better recurrences.

In all, either we have one branch with a reduction of d(uk) + 3, or two branches with d(uk) + 4 and
d(uk) + 6 (the latter will always be the worst case).

We are ready now to state the main result of the paper, expressed by the following theorem.

Theorem 1. min independent dominating set can be solved using polynomial space in time O∗(20.417n) =
O∗(1.3351n).

The proof of Theorem 1 is immediate consequence of putting together Remark 1 and Lemmata 3, 4, 5
and 6 below settling the cases of minimum degree 2, 3, 4 and 5, respectively.

Lemma 3. If there exists v ∈ V such that d(v) = 2, then in the worst case we get T (p) 6 T (p − 3) +
2T (p− 6) + 2T (p− 8) and the branching factor induced is λ 6 1.3276 = 20.409.

Proof. Set N(v) = {u1, u2}. One of the following situations occurs where w.l.o.g. d(u2) > d(u1) (note
that, according to Remark 1, we can assume that u2 has degree at least 3):

1. d(u2) > 4 and d(u1) > 3. Then, by taking either v, or u1, or u2, we get three branches of size at
most p − 3, p − 4 and p − 5, that is T (p) 6 T (p − (3)) + T (p − (4)) + T (p − (5)) corresponding to
O∗(1, 3248n).

2. d(u2) > 4 and d(u1) = 2. Then, when we take u2 (u1 having already been discarded), we must
also add the only remaining neighbor w of u1 to the solution. Thus, thanks to Remark 2 (first and
second item), we get T (p) 6 2T (p − 3) + T (p− 7) corresponding to O∗(1, 3248n).

3. d(u2) = d(u1) = 3 where u1 and u2 are adjacent. Let t be the third neighbor of u1 (t is not adjacent
to u2, otherwise u1 and u2 are equivalent and we can remove one of them). When taking v, we can
also take t since, otherwise, it is useless to take v. Hence, we get three branches, each of size at
most p − 4 corresponding to O∗(1, 3161n).

4. d(u2) = d(u1) = 3 where u1 and u2 are non adjacent. Then, by considering the branches
[v; vu2; vu2u1], we get three branches of size at most p − 3, p − 4 and p − 5 corresponding to
O∗(1, 3248n).

5. d(u2) = 3 and d(u1) = 2. Then u1 and u2 are not adjacent (or else u1 would be equivalent to v).
Two possible subcases may occur.

(a) There is another vertex u3 adjacent both to u1 and u2. We consider the branches [v; vu2; vu2u1].
The first branch has size at most p− 3. The second branch has size at most p− 5 as we must
take also u1 when we take u2. The third branch has size at most p− 4 (u2 is now marked and
has degree 2). Hence, we have T (p) 6 T (p − (3)) + T (p − (4)) + T (p − (5)) corresponding to
O∗(1, 3248n).

(b) The only vertex adjacent to both u1 and u2 is v. We consider again the branches [v; vu2; vu2u1].
The first branch has size at most p−3. The second branch has size at most p−4 but it induces
a further branch on vertex u1 which is now adjacent to only one free vertex: this corresponds
to two branches of sizes p − 6 and p − 8. Finally the last branch, according to Remark 2,
reduces p either by d(u1)+3 = 5, or gives rise to two branches of size at most p− 6 and p− 8.
Correspondingly, in the worst case, we have T (p) 6 T (p − 3) + 2T (p− 6) + 2T (p − 8).
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Lemma 4. If there exists v ∈ V such that d(v) = 3, then we get at worst T (p) 6 3T (p− 4) + T (p − 10)
and the branching factor induced is λ 6 1.3351 = 20.417.

Proof. Set N(v) = {u1, u2, u3}. If there exists such a vertex v which is marked, then we only have
to consider three branches where p reduces by at least 4; hence, T (p) 6 3T (p − 4) corresponding to
O∗(1, 3161n). The same holds if one of the neighbors of v is marked.

We now consider that neither v nor ui’s, i = 1, 2, 3, are marked. If d(ui) > 4 ∀i and ∃ ui such that
d(ui) > 5, then we get at least one branch of size p− 4, two branches of size p− 5 and one branch of size
p − 6 inducing as a recurrence T (p) 6 T (p − 4) + 2T (p − 5) + T (p − 6) corresponding to O∗(1.3248n).
Alternatively, if d(ui) > 4 ∀i, we have d(u1) = d(u2) = d(u3) = 4. Then, w.l.o.g., either u1, u2 and u3 are
all adjacents, or u1 is non adjacent to u2. In the first case, let uj the fourth node adjacent to u1. Thus,
we know that if uj is not taken, then v is dominated by u1 (v and u1 are adjacent to the same free nodes
but u1 is also adjacent to uj). Hence, if we take v we must also take uj, that is the branch becomes at
most [p − 5, p − 5, p − 5, p − 5] corresponding to O∗(1.3195n). On the other hand, if u1 is non adjacent
to u2 and we assume the order of branch to be [v; vu3; vu3u1; vu3u1u2], in the last branch we can fix
d(u2)+ 2 variables as u1 is marked and has degree 6 2. Correspondingly, we get [p− 4, p− 5, p− 5, p− 6]
that is O∗(1.3248n).

Finally, assume that u1 has degree 3 and that u3 has degree at least 4. Note that u1 cannot be
adjacent to both u2 and u3, otherwise it is equivalent to v. We consider the three following cases with
respect to N(v): either it contains two edges, or just one, or zero edges.

1. N(v) contains two edges. Then wlog., u3 is adjacent to both u1 and u2 (and u1 is not adjacent
to u2).

(a) d(u2) = 3. We consider four branches as follows: [v; vu3; vu3u1; vu3u1u2]. In the first branch
we fix d(v) + 1 variables, in the second d(u3) + 1 variables, in the third d(u1) + 1 variables
(where u2 is adjacent to only one free node inducing from Lemma 1 a further reduced branch)
and in the fourth d(u2)+2 variables as u1 is marked and has degree 6 2. But then the branches
become [p− 4, p− (d(u3) + 1), (p− (d(u1) + 3), p− (d(u1) + 5)), p− (d(u2) + 2)] corresponding
for d(u3) > 4 in the worst case to [p − 4, p − 5, p − 5, p− 6, p − 8] that is O∗(1.303n).

(b) d(u2) > 4. We consider four branches as follows: [v; vu1; vu1u2; vu1u2u3] with size at most
p−4, p−4, p−(d(u2)+2) (since u1 becomes marked and of degree at most 2) and p−(d(u3)+1).
In the third branch thanks to Remark 2, either we remove one more vertex, or we get two
branches of size at most p−(d(u2)+4) 6 p−8 and p−(d(u2)+6) 6 p−10. We now distinguish
two cases with respect to d(u3). If d(u3) > 5, then, at worst, T (p) 6 2T (p − 4) + T (p − 6) +
T (p − 8) + T (p − 10) corresponding to O∗(1.3248n). Else, d(u3) = 4. But then, let t be the
fourth neighbor of u3. In the branch we take v we can take also t (indeed, if we do not take
it, it is useless to take v since taking u3 is always better). Hence, we ensure at least one more
deleted vertex when taking v. Thus, at most the related branches are of sizes p − 5, p − 4,
p − 8, p − 10 and p − 5 corresponding to O∗(1.3199n).

2. N(v) contains at most one edge.

(a) Assume first that there is a triangle of vertices of degree 3, say, v, u1, u2. Let t1 and t2 be
the third neighbors of u1 and u2, respectively. If two vertices among u3, t1 and t2 are equal
(i.e., the same vertex) or adjacent, then either two vertices in the triangle are equivalent
(case of equality), or one vertex in the triangle v, u1, u2 must belong to the solution because,
otherwise, one of them would not be dominated (case of adjacency). Hence, T (p) 6 3T (p− 4)
corresponding to O∗(1.3161n). Finally, if t1, t2 and u3 are distinct and non adjacent, let us
set Γ′ = N(t1)∪N(t2)∪N(t3)\ {v, t1, t2, u1, u2, u3}. Either we take one vertex of the triangle,
or we have to take t1, t2 and u3, that is, T (p) 6 3T (p− 4) + T (p − 6 − |Γ′|) (see Figure 3).

• If |Γ′| > 4, then T (p) 6 3T (p− 4) + T (p − 10) corresponding to O∗(1.3351n).

• If |Γ′| = 3, then u3 has degree 4 and Γ′ ⊂ N(u3). Then, we branch as follows: either we
take u3 and remove 9 vertices, or we take v and remove 4 vertices, or we mark u3 and v.
By removing the edge between them, they become, respectively, of degree 3 and 2. Hence,
T (p) 6 T (p− 9) + T (p − 4) + T (p − (2 − w)) corresponding to O∗(1.3296n).
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Figure 3: Γ′ is the rectangular box.

(b) Otherwise, if the only edge in N(v) is (u2, u3), then we consider four branches as follows:
[v; vu1; vu1u2; vu1u2u3]. In the two last branches, u1 is marked and of degree at most 2, hence
we get T (p) 6 T (p− 4) + T (p− 4) + T (p− 5) + T (p− 6); but in the two last branches, thanks
to Remark 2, either we remove one more vertex or we get two branches of size reduced by 2
and 4. So, we get at worst T (p) 6 2T (p − 4) + T (p − 7) + T (p − 8) + T (p − 9) + T (p − 10)
corresponding to O∗(1.3329n).

(c) If there exists an edge (u1, u2) with d(u2) > 4 (otherwise, we are in case 2a above), we consider
the four branches as previously: [v; vu1; vu1u2; vu1u2u3]. Then, if d2 > 5, the branches sizes
are at most respectively [p − (dv + 1), p − (d(u1) + 1), (p − (d(u2) + 1), p − (d(u3) + 2)] as in
the fourth branch u1 is marked and has degree 6 2. Correspondingly, we get in the worst case
[p− 4, p− 4, p− 6, p− 6] that is O∗(1.3302n). On the other hand, if d2 = 4, the branches sizes
are at most respectively [p − (dv + 1), p − (d(u1) + 1), (p − (d(u2) + 1), p − (d(u3) + 3)] as in
the fourth branch both u1 and u2 are marked and have degree 6 2. Correspondingly, we get
in the worst case [p − 4, p − 4, p − 5, p− 7] that is O∗(1.3344n).

3. Assume finally that there is no edge in N(v). If u2 and u3 have degree at least 4, then we get
T (p) 6 T (p − 4) + T (p − 4) + T (p − 6) + T (p − 6) (indeed, in the last two branches u1 is marked
and has degree at most 2) corresponding to O∗(1.3302n). If, say, u2 has degree 3, then we get
T (p) 6 T (p−4)+T (p−4)+T (p−5)+T (p−6); but, in the two last branches, thanks to Remark 2,
either we remove one more vertex, or we get two branches of size reduced by 2 and 4. So, at worst,
T (p) 6 2T (p− 4) + T (p − 7) + T (p− 8) + T (p− 9) + T (p− 10) corresponding to O∗(1.3329n).

Lemma 5. If there exists v ∈ V such that d(v) = 4 then, at worst T (p) 6 3T (p− 5) + T (p− 6) + T (p−
9) + T (p − 11) with a contribution to the overall branching factor bounded above by 1.3351 = 20.417.

Proof. Set N(v) = {u1, u2, u3, u4} and assume that u4 has degree at least 5. If all ui’s have degree at
least 5, then T (p) 6 T (p− 5)+ 4T (p− 6) corresponding to O∗(1.3214n). Else, u1 has degree 4 and is not
adjacent to at least one of the ui’s or else it would be equivalent to v. If u1, u2 and u3 have degree at
least 5 (with u1 non adjacent, say, to u4), then, in the branch related to u4, u1 is marked and has degree
at most 3: hence, T (p) 6 2T (p− 5) + 2T (p− 6) + T (p− (7 − w)) corresponding to O∗(1.3269n).

Consider now that there are at least two ui’s of degree 4, say u1 and u2.
Suppose first that there is no pair of ui’s of degree 4 that are adjacent, that is, w.l.o.g., u1 and u2 are

non adjacent.

• If u3 is non adjacent to u1 nor to u2, consider the order of branching
[v; vu1; vu1u2; vu1u2u3; vu1u2u3u4]. In the branch related to u2, u1 is marked and has degree at
most 3, hence, for this branch, p reduces at least by 6 − w. Also, in the branch related to u3, u1

and u2 are marked and have degree at most 3, hence, for this branch, p reduces at least by 7− 2w.
In all, T (p) 6 2T (p−5)+T (p− (6−w))+T (p− (7−2w))+T (p−6) corresponding to O∗(1.3324n).

• Alternatively, u3 is adjacent to at least one among u1 and u2 (say u1) and has correspondingly degree
at least 5. Then, consider the order of branching [v; vu1; vu1u3; vu1u3u2; vu1u3u2u4]. In the branch
related to u2, u1 is marked and has degree at most 2. Hence, for this branch, the size is at most p−6
and at least one further reduced branch according to Lemma 1 on u1 can be performed inducing
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then two branches of sizes p−8 and p−10. In all, T (p) 6 2T (p−5)+2T (p−6)+T (p−8)+T (p−10)
corresponding to O∗(1.3305n).

Assume now that there exists a pair of ui’s of degree 4 (say u1 and u2) that are adjacent. When v,
u1 and u2 are marked, they become of degree 2. Then:

• If u1 and u2 are not adjacent to u3, we consider five branches as follows:
[v; vu1; vu1u2; vu1u2u3; vu1u2u3u4].
But then in the fourth branch,u1 and u2 are marked and of degree 2. Hence, for that branch,
the size is at most p − 7 and at least one further reduced branch according to Lemma 1 on u1

can be performed inducing then two branches of sizes p − 9 and p − 11. Thus, we get T (p) 6

3T (p− 5) + T (p− 6) + T (p− 9) + T (p− 11) corresponding to O∗(1.3351n).

• If u1 is not adjacent to u3 and u2 is not adjacent to u4, we consider five branches as follows:
[v; vu1; vu1u2; vu1u2u3; vu1u2u3u4]. But then, in the fourth branch u1 is marked and of degree
2 and in the fifth branch u2 is marked and of degree 2. Hence, for the fourth branch, the size
is at most p − 6 and at least one further reduced branch according to Lemma 1 on u1 can be
performed inducing then two branches of sizes p − 8 and p − 10. Similarly on the fifth branch,
the size is at most p − 7 and at least one further reduced branch according to Lemma 1 on u2

can be performed inducing then two branches of sizes p − 9 and p − 11. Thus, we get T (p) 6

3T (p− 5) + T (p− 8) + T (p− 9) + T (p− 10) + T (p − 11) corresponding to O∗(1.3303n).

• Otherwise, both u1 and u2 are adjacent to u3 but not to u4. If u3 has degree at least 5, then the
first 3 branches are at most of size p − 5 and the branch related to u3 has size at most p − 6. For
the last branch related to u4, there are u1 and u2 that are marked and have degree at most 2,
hence p reduces at least by 8. Thus, T (p) 6 3T (p − 5) + T (p − 6) + T (p − 8), corresponding to
O∗(1.3201n). Otherwise, u4 is not adjacent to any of the other ui’s (or one of them would be
equivalent to v). Also, assume that the last vertex adjacent to u1 is u5. Correspondingly, the last
vertex adjacent to u2 is u6 and the last vertex adjacent to u3 is u7. Notice that u1 6= u2 6= u3

or else these ui’s would be equivalent. Then, we consider five branches in the following order:
[v; vu1; vu1u2; vu1u2u3; vu1u2u3u4]. Then, if u4 is adjacent to u5 or u6 or u7, the last branch is
infeasible as there would be u1 or u2 or u3 not dominated. Alternatively, in the last branch u1, u2

and u3 are marked and can be dominated (respectively) by u5, u6 and u7 only. Hence p reduces
at least by 12. Thus, we get T (p) 6 4T (p− 5) + T (p− 12) corresponding to O∗(1.3285n).

Lemma 6. If there exists v ∈ V such that d(v) = 5 then, at worst T (p) 6 2T (p− 6)+ 3T (p− 9)+ T (p−
10) + 6T (p − 12) + 2T (p − 13) + 6T (p − 14) + 2T (p − 15) with a contribution to the overall branching
factor bounded above by O∗(1.3346n) = 20.416.

Proof. Set N(v) = {u1, u2, u3, u4, u5} and assume that u5 has degree at least 6. If at least two out of
five ui’s have degree at least 6, then T (p) 6 4T (p− 6) + 2T (p− 7) corresponding to O∗(1.3289n).

Consider now that u1...u4 have degree 5. Each ui of degree 5 must be non adjacent to at least one of
u1...u5 or else it is equivalent to v.

First, assume that at least two ui’s of degree 5 are adjacent, say u1 and u2.

• If u1 is non adjacent to another vertex of degree 5, say u3, consider the order of branching

[v; vu1; vu1u2; vu1u2u3; vu1u2u3u4; vu1u2u3u4u5]. Then, for the branch related to u3, u1 is marked
and has degree at most 3, hence, for this branch, p reduces at least by 7 − w. Thus, T (p) 6

4T (p− 6) + T (p− (7 − w)) + T (p − 7) corresponding to O∗(1.3307n).

• On the other hand, if u1 is adjacent to u3 and non adjacent to u5, with the the order of branching
indicated just above, for the branch related to u5, u1 is marked and has degree at most 3, hence,
for this branch, p reduces at least by 8−w. Thus, T (p) 6 5T (p− 6)+T (p− (8−w)) corresponding
to O∗(1.3312n).
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Alternatively, all u′
is of degree 5 are non adjacent. If a ui of degree 5, say u1, is adjacent to u5 and

is not adjacent to another ui of degree 5, say u2, consider the order of branching
[v; vu1; vu1u5; vu1u5u3; vu1u5u3u4; vu1u5u3u4u2]. For the branch related to u2, u1 is marked and has

degree at most 3, hence, for this branch, p reduces at least by 7 − w. Thus, T (p) 6 4T (p − 6) + T (p −
(7 − w)) + T (p − 7) corresponding to O∗(1.3307n).

If, none of the above subcases occurs, all ui’s are non adjacents. Consider the order of branching
[v; vu1; vu1u2; vu1u2u3; vu1u2u3u4; vu1u2u3u4u5]. For the branches related to v, u1, u2, u3, u4, p reduces
at least by 6, while for the branch related to u5, p reduces at least by 7. Also, for the branches related
to u2, u3, u4, u5, u1 is marked and has degree 4. First, note that if in one of these branches there is a
marked vertex of degree at least 3, then we get either T (p) 6 4T (p − 6) + T (p − (7 − w)) + T (p − 7)
or T (p) 6 T (p) 6 5T (p − 6) + T (p − (8 − w)), corresponding at worst to O∗(1.3312n). Otherwise, if all
the neighbors of u1 have degree at least 4, a further branch on the neighbors of u1 can be derived with
complexity T (p) 6 4T (p−5). Alternatively, there is a neighbor t of u1 that has degree at most 3. Then, if
t has degree 3 and the neighbors of t have degree at least 3, a branch on t can be applied with complexity
at most T (p) 6 3t(p−4) as u1 is one of neighbors of t and is marked. Finally, if t or one of the neighbors of
t has degree 6 2, then, from Lemma 3, we have in the worst case, T (p) 6 T (p−3)+2T (p−6)+2T (p−8).
In all, the worst-case complexity is the last one related to Lemma 3 and the overall complexity becomes
T (p) 6 2T (p−6)+3T (p−9)+T (p−10)+6T (p−12)+2T (p−13)+6T (p−14)+2T (p−15) corresponding
to O∗(1.3346n).

5 Approximation of min independent dominating set by moderately ex-

ponential algorithms

As we have mentioned in Section 1, for any ε > 0, min independent dominating set is inapproximable
within ratio n1−ε unless P = NP. On the other hand, it is easy to see that any maximal independent
set guarantees a ratio at most ∆+1. In this section, we devise algorithms achieving ratios “forbidden” in
polynomial time (such as constant ratios), with running times that, although exponential, are better than
the running time of exact computation for min independent dominating set. Such a problematic has
already been tackled for other optimization problems such as Maximum Independent Set, Minimum Set
Cover, Min Coloring (see for instance [2, 3, 6]). A first question is whether we can provide or not a family
of algorithms with approximation ratio 1 + ǫ (for any ǫ > 0) in time O∗(γn

ǫ ) where γǫ < 20.417, a kind
of exponential approximation scheme. This is quite easy for some problems such as hereditary problems
([2]) but seems harder for other problems such as min independent dominating set. We answer to
this question in Section by devising such a “scheme” in Proposition 1. We also improve this result for
bounded degree graphs (Proposition 2). In Section 5.2, we deal with higher approximation ratios and
show that interested tradeoffs between running time and ratio can be reached. We finally improve the
previous results in triangle-free and bipartite graphs in Section 5.3.

The algorithms presented in this section use the following lemma by [5].

Lemma 7. ([5]) For any k > 3, it is possible to enumerate all independent dominating sets (i.e.,
maximal independent sets) of size at most n/k with running time O∗(kn/k).

5.1 Approximation algorithms for ratios close to 1

Our first result is given in the following Proposition 1 and claims that there exist (1 + ǫ)-approximation
algorithm that runs in time O∗(20.417(1−ǫ/168)n). Though the decreasing is quite slow in ǫ, the existence of
such a family of approximation algorithms is an interesting property. We will reach much better running
times for higher ratios in the next section.

Proposition 1. For any positive ǫ 6 5, min independent dominating set is (1 + ǫ)-approximable in
time O∗(20.417(1−ǫ/168)n).

Proof. The claimed algorithm, denoted by IDS, works as follows. It first computes all the dominating
independent sets of size n/7 or less, with running time O∗(7n/7) = O∗(20.402n) (Lemma 7). If such a set
exists, it returns a smallest among them. Otherwise, opt(G) > n/7. In this case, it sets r = 0 and then,
while the graph is not empty and r 6 ǫn/168, it repeats the following steps:
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1. pick a vertex v of minimum degree (say δ); if δ > 6, branch on v as discussed previously;

2. otherwise, if
∑

u∈N(v)(d(u) − 1) > 24, branch on v;

3. otherwise, add v to the solution and remove its neighbors and increase r by 1.

Finally, when r reaches ǫn/168 it runs the exact algorithm on the remaining graph denoted by G′(V ′, E′).
Each time step 1 is applied, algorithm IDS makes a branching whose recurrence is T (n) 6 (δ +

1)T (n − (δ + 1)), with δ > 6. On the other hand, each time step 2 is applied, branching’s recurrence
is T (n) 6 4T (n − 5) + T (n − 16) or better. Indeed, if d(v) = 5 then

∑

u∈N(v) d(u) > 29, and the
worst case occurs when four neighbors of v have degree 5 and one has degree 9 leading to a recurrence
T (n) 6 5T (n − 9) + T (n − 16). Similarly, if d(v) = 4, d(v) = 3, d(v) = 2 or d(v) = 1 the worst
cases give respectively the recurrences T (n) 6 4T (n − 5) + T (n − 17), T (n) 6 3T (n − 4) + T (n − 22),
T (n) 6 2T (n − 3) + T (n − 25) and T (n) 6 T (n − 2) + T (n − 26). The worst case occurs when v has
degree 4, leading to a branching factor 20.403. If the algorithm IDS stops because G is empty, then the
global running time is O∗(20.403n), that is better than the time claimed in the proposition’s statement
(since for ǫ 6 5, 0.417(1 − ǫ/168) > 0.403).

Assume now that r = ǫn/168, and let q be the number of times steps 1 or 2 have been run. Clearly,
the larger the q, the faster the algorithm. Thus, the global running time is

T (n) 6 20.417(n−p)
6 20.417n(1−ǫ/168)

Denote by S the solution computed by IDS. We prove that |S| is bounded above by (1 + ǫ) opt(G).
Let S∗ be an optimal solution. The algorithm builds a branching tree corresponding to branching steps 1
and 2. Note that, unfortunately, due to step 3, when branching on a vertex v, it might be the case that
no vertex in N [v] belongs to S∗. Indeed, v might be dominated by a vertex deleted from the graph (a
neighbor of a vertex added in step 3). However, in such a tree, consider the following path (starting from
the root). At a node of the search tree dealing with vertex v:

• if S∗ has (at least) one vertex in N [v], follow this branch (one of these branches);

• otherwise, follow the branch where v is added in the solution.

Following this path, one reaches a particular leaf where one applies the exact algorithm.
Now let Ω be the set of vertices we arbitrarily added to the solution during executions of step 3 and

K = N [Ω]. Denote by B the set of vertices added during steps 1 and 2 (following the path previously
described) and set B1 = B ∩ S∗ and B2 = B \ B1. Set S∗

1 = S∗ ∩ K, S∗
2 = S∗ ∩N [B] and S∗

3 = S∗ ∩ V ′.
Set, finally, q1 = |B1| and q2 = |B2| and note that (K, N [B], V ′) is a partition of V .

Fact 1. S∗ ∩ (N [B] \ B) = ∅.

Indeed, this comes from the path followed in the tree. In other words, S∗
2 = B1.

Fact 2. B2 ⊆ N(S∗
1 ).

For Fact 2, consider the search tree’s node where v is added in B. Since v /∈ B1, no neighbor of v (in the
current graph) is in S∗. So, there exists a neighbor of v in S∗ deleted previously from the graph because
of step 3. This vertex is in S∗

1 .
Thanks to Fact 1, V ′ ∩N [S∗

2 ] ⊆ V ′ ∩N [B] = ∅. This means that each vertex in V ′ is either in N [S∗
3 ]

or in N [S∗
1 ]. Then, there exists an independent dominating set of G[V ′] included in S∗

3 ∪ (N [S∗
1 ] ∩ V ′),

meaning that:
opt (G [V ′]) 6 |S∗

3 | + |N [S∗
1 ] ∩ V ′| (3)

On the other hand, thanks to Fact 2, |N(S∗
1 ) \ K| > q2 + |N [S∗

1 ] ∩ V ′|. Moreover:

|N (S∗
1 ) \ K| 6 |N(K) \ K| 6

∑

v∈Ω

∑

u∈N(v)

(d(u) − 1) 6 23r (4)

Combining (3) and (4), we get opt(G[V ′]) + q2 6 |S∗
3 | + 23r. The solution S computed by IDS satisfies

|S| = r + q1 + q2 + opt(G[V ′]) = r + |S∗
2 | + |S∗

3 | + 23r 6 |S∗| + 24r. Putting all this together we obtain

|S| 6 |S∗|

(

1 +
24ǫn

168 |S∗|

)

6 |S∗| (1 + ǫ)
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as claimed.
In what concerns the running time, the result of Proposition 1 can be improved towards various

directions. First, in the following Proposition 2 we improve running time for graphs of bounded degree.

Proposition 2. If the maximum degree of G is bounded above by some constant ∆, then for any ǫ > 0,
it is possible to compute a 1 + ǫ-approximation with running time O∗(γ(1−f(ǫ))n), where f(ǫ) is solution
of:

f(ǫ)∆

ǫ
log

(

ǫ

∆f(ǫ)

)

= (1 − f(ǫ)) log γ (5)

Proof. Fix some ǫ > 0 and consider the following algorithm: (1) search for any independent dominating
set of size at most f(ǫ)∆n/ǫ; if some dominating set is computed, return it as solution (otherwise,
|S∗| > f(ǫ)∆n/ǫ); (2) fix an arbitrary vertex-subset K of size f(ǫ)n; (3) run an exact algorithm for
min independent dominating set in G[V \ K] and let S1 be the solution computed; (4) run some
polynomial algorithm for min independent dominating set in G[V \N [S1]] and let S2 be the solution
computed; (5) output S1 ∪ S2.

According to (5) and Lemma 7, the running time of the algorithm above is at most:

O∗





(

ǫ

∆f(ǫ)

)

f(ǫ)∆n

ǫ

+ γn−|K|



 = O∗
(

γn(1−f(ǫ))
)

Set I = opt(G[V \(K∪N(K∩S∗))]); I is an independent set and there exists a set I ′, V \K ⊇ I ′ ⊇ I,
that is dominating in G[V \ K]. Since S∗ \ K is an independent dominating set (possibly not maximal)
in G[V \ (K ∪ N(K ∩ S∗))], the size of S1 is bounded above by:

|S1| 6 |I ′| 6 |I| + |N (K ∩ S∗) \ K| 6 |S∗ \ K| + |N (K ∩ S∗) \ K|

from what we get:

|S1 ∪ S2| 6 |S1| + |K| 6 |S∗| + |K| − |K ∩ S∗| + |N (K ∩ S∗) \ K|

6 |S∗| + |K| + (∆ − 1) |K ∩ S∗| 6 |S∗| |K|∆

Hence, in all:
|S1 ∪ S2|

|S∗|
6 1 +

∆f(ǫ)n

∆f(ǫ)n/ǫ
6 1 + ǫ

as claimed.
Table 1 shows the tradeoffs claimed by Proposition 2 between ratio and running time for some values

of ∆ and for γ = 20.417. The entries in the leftmost column are values of ǫ; the other entries are the
multipliers of n in the exponent of 2. For instance, if 1+ ǫ = 1.5 is to be attained in a graph of maximum
degree 5, the running time of the algorithm is O∗(20.397n).

ǫ ∆ = 3 ∆ = 4 ∆ = 5 ∆ = 6 ∆ = 7 ∆ = 8 ∆ = 9 ∆ = 10

0.1 0.415 0.418 0.419 0.420 0.421 0.421 0.422 0.422
0.2 0.406 0.411 0.414 0.415 0.417 0.418 0.419 0.419
0.5 0.376 0.389 0.397 0.400 0.405 0.407 0.409 0.411
1 P 0.349 0.366 0.376 0.384 0.389 0.393 0.397

1.5 0.304 0.332 0.349 0.361 0.370 0.376 0.381
2 0.254 0.294 0.320 0.337 0.349 0.358 0.366

Table 1: Some results derived from Proposition 2. The polynomial case is due to [1].
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5.2 Faster approximation algorithms for larger ratios

The previous section deals with approximation ratios close to 1. In this section we show that for larger
ratios, the running time can decrease significantly faster. We give a very simple algorithm leading to
Proposition 3, that we improve in Proposition 4.

Proposition 3. For any r > 3, it is possible to compute an r-approximation of min independent

dominating set with running time O∗(2n log2 r/r).

Proof. We run the branching algorithm of the proof of Lemma 7 to compute every independent dom-
inating set of size n/r or less. If it finds some independent dominating set, it returns it; otherwise,
opt(G) > n/r, where opt(G) denotes the size of a minimum independent dominating set. In the first
case, the algorithm needs time O∗(rn/r) = O∗(2n log2 r/r) and computes an optimal solution; in the sec-
ond case, any maximal independent set is an r-approximation and such a set is computed in polynomial
time.

The following proposition further improves the result of Proposition 3.

Proposition 4. For any rational r > 1, it is possible to compute an approximation of min independent

dominating set with running time O∗(3n/(3r)) and approximation ratio k(1−1/r)+1/r where k/ ln(k) =
3r/ ln(3).

Proof. Let us consider first the case where r is an integer. Let k such that k/ ln(k) = 3r/ ln(3) (note
that k > 3 for r > 1). We first compute every independent dominating set of size n/k or less. If such sets
exist, we return one of those with minimum size. Otherwise, we partition V into r subsets V1, . . . , Vr, of
size n/r (at most ⌈n/r⌉ if n/r is not an integer), and we run the following procedure:

(1) for j 6 r, for any independent set H ⊆ Vj which is maximal (in Vj), compute an independent
dominating set SH in G[V \ N [H ]];

(2) return the smallest set S among S0 and the sets H ∪ SH computed.

Obviously, S is an independent dominating set. Thanks to [14], we can enumerate in time O∗(3n/(3r))
the maximal independent sets of each subsets Vi. There are r such subsets, so the global running time is
O∗(kn/k) + O∗(3n/(3r)). But k is such that kn/k = 3n/(3r) so we get the claimed running time.

Fix some optimal solution S∗. Since S∗ is maximally independent, ∪i6rN(Vi ∩ S∗) = V \ S∗, and
there exists i such that

|N(Vi ∩ S∗)| >
|V \ S∗|

r
(6)

Then in Vi there exists a maximal (in Vi) independent set Si such that |N(Si)| >
|V \S∗|

r . In the algorithm,
this set Si has been considered and has produced a solution of size at most |V | − |N(Si)|. Then

|S|

opt(G)
6

|V | − |N(Si)|

opt(G)
6

|V | − |V \ S∗|/r

opt(G)

6

(

1 −
1

r

)

|V |

opt(G)
+

1

r
6 k

(

1 −
1

r

)

+
1

r

proving the claimed approximation ratio.
To conclude, let us consider the case where r = p/q > 1 is a rational. We first partition V in p subsets

W1, · · · , Wp of size roughly n/p. Then we set V1 = ∪q
i=1Wi, V2 = ∪q+1

i=2 Wi, ..., Vp = Wp ∪ ∪p−1
i=1 Wi. Note

that each vertex v is in exactly p subsets Vi, and that |Vi| = nq/p = n/r. We run the same algorithm
as previously. To reach the claimed ratio, let us consider an optimum solution S∗, and a vertex v 6∈ S∗.
Since S∗ is maximally independent, v is in the neighborhood of some Wi∩S∗. Since Wi is in q subsets Vi,
it means that v is in the neighborhood of (at least) q subsets Vi∩S∗. Then, |∪i6p N(Vi∩S∗)| > q|V \S∗|.
Then for some i |N(Vi ∩ S∗)| > q|V \ S∗|/p = |V \ S∗|/r. Then we can use the previous arguments to
show the claimed ratio.
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Ratio 2 3 4 5 10 20 50

Proposition 3 1.4423n 1.4143n 1.3798n 1.2590n 1.1616n 1.0814n

Proposition 4 1.3435n 1.2980n 1.2675n 1.2446n 1.1789n 1.1236n 1.0697n

Table 2: Tradeoffs between running times and ratios derived by Propositions 3 and 4.

5.3 Triangle-free and bipartite graphs

min independent dominating set is NP-hard and even NP-hard to approximate with an approximation
ratio n1−ε (for any ε > 0) in bipartite graphs [7] - hence in triangle-free graphs. On the other hand, as
mentioned in [5], the bounds on the number of maximal independent sets for general graphs are not tight
for triangle-free graphs and can therefore be improved. As a matter of fact, it is known that such graphs
contain at most 2n/2 maximal independent sets [5, 12], slightly less than 3n/3 in arbitrary graphs. As a
first result, we show a bound on the number of maximal independent sets of size at most k in triangle-free
graphs.

To achieve this result, we consider the following algorithm given in [5], parameterized by an integer
d > 0 - S is an independent set under construction (S = ∅ in the beginning):

1. If k = |V | then check whether V ∪ S is an independent set (and output it if yes).

2. Otherwise (|V | > k > 0), while there exists a vertex v of degree at least d, then either add v to S
(and remove v and its neighborhood from the graph) or do not take it (remove v from the graph).

3. Otherwise, consider a vertex of minimum degree and either add it to S or add one of its neighbors
to S (and remove the added vertex and its neighborhood from the graph).

Let us denote by T (n, k) the number of leaves in the previous algorithm MISd.

Property 1. If G is triangle free, then T (n, k) 6 αnβk where β = max(1/α, α−d/(α − 1)) and α > 1 is
such that, for all δ = 1, · · · , d − 1:

α−δ−1 +

δ−1
∑

j=0

α−δ−j−1
6

α−d

α − 1

Proof. We prove the result by induction. First, T (k, k) 6 1 and T (n, 0) 6 1, which is verified by the
formula since α > 1 and αβ > 1. Now, consider that the first case of the algorithm occurs. It produces
two branches of parameters respectively (n − (d + 1), k − 1) and (n − 1, k). The formula is valid if

αn−d−1βk−1 + αn−1βk
6 αnβk

⇔ β−1
6 (1 − α−1)αd+1 = (α − 1)αd

This is verified by the definition of β.
Now, consider the second branching. If v has degree δ, then the algorithm produces δ + 1 branches.

In the branch we take v, the parameters are (n − δ − 1, k − 1). In the branch we take the jth neighbor
the parameter is (n − δ − j, k − 1). The formula is valid if for any possible δ = 1, 2, · · · , d − 1:

αn−δ−1βk−1 +

δ−1
∑

j=0

αn−δ−j−1βk−1
6 αnβk

⇔ α−δ−1 +

δ−1
∑

j=0

α−δ−j−1
6 β

This is true by the inequalities given in the property since β > α−d/(α − 1).

Corollary 1. In a triangle free graph, the number of maximal independent sets of size at most n/3,
n/4, n/5, n/6, n/7, n/8 are respectively bounded by 1.3980n, 1.3646n, 1.3323n, 1.3043n, 1.2793n, 1.2588n.
They can be enumerated in the same time up to a polynomial factor.

14



Note that the corresponding bounds in general graphs corresponding to Lemma 7 are 1.4423n, 1.4143n,
1.3798n, 1.3481n, 1.3205n and 1.2969n.
Proof. The bound are obtained using Property 1. The tabular gives the optimal value of d, and the
corresponding values of α and β for each of the values of k = n/3, · · · , n/8. Then the final bound for
k = n/i is (αβ1/i)n.

k n/3 n/4 n/5 n/6 n/7 n/8
d 3 5 7 7 9 11
α 1.3661 1.2338 1.1731 1.1731 1.1378 1.1147
β 1.0718 1.4966 1.8901 1.8901 2.2709 2.6453

The bounds T (n, k) and the bound of O∗(2n/2) for enumerating maximal independent sets lead to a
better running time for the algorithm used in Proposition 4 when applied to triangle free graphs.

We denote by αk a number such that in triangle free graphs the maximal independent sets of size at
most n/k can be enumerated in time O∗(αn

k ). For instance α1 = 1/2, and the previous corollary gives
values of αk for k = 3, · · · , 8.

Proposition 5. For any rational r > 1, it is possible to compute an approximation of min independent

dominating set in triangle-free graphs in time O∗(2n/(2r)) and approximation ratio k(1 − 1/r) + 1/r
where k is such that αk = 21/(2r).

Proof. We use the same algorithm as in Proposition 4 up to the fact that we choose k such that
αk = 21/(2r). The analysis of the ratio is the same. For the running time, we can enumerate independent
dominating sets of size at most n/k in time O∗(αn

k ), and all maximal independent dominating sets in
each Vi in time O∗(2n/(2r)). The result follows.

We conclude this section by further improving the running time for approximating min independent

dominating set in bipartite graphs. To do this, we remark that in a connected bipartite graph G =
(L ∪ R, E), L and R are independent dominating sets. Then, in a bipartite graph one can easily find an
independent dominating set of size at most n/2 - at least when there are no isolated vertices (but these
vertices must be in any independent dominating set). We combine this with the previous arguments to
get the following results.

Proposition 6. For any k > 2, it is possible to compute an approximation of min independent

dominating set in time O∗(αn
k ) and approximation ratio r = min{k(1− 1/r) + 1/r, k(1− 1/t)/2 + (1 +

1/t)/2 where r and t are such that αk = 31/(3r) = 21/t.

Proof. As previously, we compute if there exists a solution of size at most n/k in time O∗(αn
k ). Then

let r and t such that αk = 31/(3r) = 21/t. We do the following:

• We apply the same procedure as in Proposition 5 to get a feasible solution which guarantees a ratio
k(1 − 1/r) + 1/r;

• We partition V in t subsets of size (roughly) n/t. In each of these subsets Vi, we compute every
independent set. For such an independent set S, let k be the number of isolated vertices in G[V \

N [S]]. We compute a feasible solution in G[V \N [S]] of size at most k + |V \N [S]|−k
2 : we take the k

isolated vertices, and take at most half of the other vertices.

As previously shown, there exists a i such that N(S∗ ∩ Vi) > |V \ S∗|/t. This set S∗ ∩ Vi has been
considered by the algorithm. Note that an isolated vertex in G[V \ N [S∗ ∩ Vi]] has to be in S∗

(otherwise it will not be dominated). Hence, k 6 |S∗ \ S∗ ∩ Vi| (note that this would not be true if
we would have only considered maximal independent sets in Vi, that is why we have to test all of
them).

We produce a solution S0 such that :

|S0| 6 |S∗ ∩ Vi| + k +
|V \ N [S∗ ∩ Vi]| − k

2
=

|S∗ ∩ Vi| + k + |V | − |N(S∗ ∩ Vi)|

2

6
|S∗| + |V | − |V \ S∗|/t

2
=

|S∗|(1 + 1/t) + |V |(1 − 1/t)

2

The ratio follows since |S∗| > n/k.

15



We present some values in the following tabular.

Ratio 2 3 4 5 10 20

General (prop. 4) 1.3435n 1.2980n 1.2675n 1.2446n 1.1789n 1.1236n

Triangle-free (prop. 5) 1.3129n 1.2702n 1.2418n 1.2208n 1.1613n 1.1112n

value of k 5.66 7.45 8.99 10.42 16.83 28.37
Bipartite (prop 6) 1.3129n 1.2702n 1.2323n 1.2029n 1.1305n 1.0814n

value of k 5.66 7.45 9.58 11.9 22.86 43.83

Table 3: Tradeoffs between running times and ratios derived by Propositions 4, 5 and 6.
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