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competitive ratio lower 
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upper 
bound algorithm

deterministic ratio 1.8546 2 THRESHOLD

randomized ratio 1.6257 1.7453 
(asymptotic ratio) RANDOM

det. ratio. when  
∀j: uj=p 1.8546 1.9338 BEAT

det. ratio. when
∀j: uj=p, pj∈{0,p} 1.8546 1.8668 UTE
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• n uniform jobs with 
upper limit p 

• Index jobs in order 
they are touched by 
algorithm (tested or 
executed untested) 

• pj=0 if j≥δn or job j is 
executed untested by 
algo. 
pj=p otherwise 

• Algorithm gets even 
to know δ 

• Any decent algorithm 
produces a schedule 
with above structure 
for parameters ν, λ 
with ν+λ≤δ 

• The competitive ratio 
is  
ALG(δ,ν, λ,n) / 
OPT(δ,ν,n) 

• Algorithm 
(minimizer) chooses 
ν,λ 

• Adversary 
(maximizer) chooses 
n,δ 

• Analyzing local 
optima yields ratio 
1.854628  
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• Execute untested 
all jobs j with 
uj≤2 in order… 

• Test all other 
jobs in arbitrary 
order. If pj≤2, 
execute, 
otherwise defer. 

• Execute all 
deferred jobs in 
order… 

• Worst case 
instance:  
a jobs uj=2,pj=0 
b jobs uj=pj=2 
c jobs uj=pj=2+ε 

• Simple 
arithmetics: 
ALG(a,b,c)≤2･
OPT(a,b,c)
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Figure 9 Worst case instance for Threshold.

Proof. For all long jobs, which are tested by the optimum, we reduce the upper limit to
p̄j = 1 + pj . This does not change the algorithm’s solution. But the optimum may as well
run those previously tested jobs also untested and would not change its total objective value.

Now the optimum solution runs all long jobs without testing them. Thus, increasing
the processing time of long jobs to pj = p̄j does not a�ect the optimum cost whereas the
algorithm’s cost increase.

Proposition 16 implies that all long jobs are scheduled in the same order by the algorithm
and an optimum without any small jobs in between. Then, setting p̄ = 2 + ‘ decreases the
objective values of both algorithms by the same amount and thus does not decrease the
ratio. The lemma follows. J

Now we are ready to prove the main result.

I Theorem 6. Algorithm Threshold has competitive ratio at most 2.

Proof. We consider worst-case instances of the type derived above. Let a be the number of
short jobs with pj = 0, let b be the number of short jobs with p̄j = pj = 2, and let c be the
number of long jobs with p̄j = 2 + ‘, see Figure 9.

Threshold’s solution for a worst-case instance first tests all long jobs, then tests and
executes the short jobs in decreasing order of processing times, and completes with the
executions of long jobs. The total objective value ALG is

ALG = (a + b + c)c + b(b + 1)/2 · 3 + 3b(a + c) + a(a + 1)/2 + a · c + c(c + 1)/2 · (2 + ‘).

An optimum solution tests and schedules first all 0-length jobs and then executes the
remaining jobs without tests. The objective value is

OPT = a(a + 1)/2 + a(b + c) + b(b + 1)/2 · 2 + 2bc + c(c + 1)/2 · (2 + ‘).

Simple transformation shows that ALG Æ 2 · OPT is equivalent to

2ab + 2c2 Æ a2 + b2 + a + b + c(c + 1)(2 + ‘) … 0 Æ (a ≠ b)2 + a + b + c2‘ + c(2 + ‘),

which is obviously satisfied and the theorem follows. J

B.2 Deterministic lower bound
In this section we give a lower bound on the competitive ratio of any deterministic algorithm.
The instances constructed by the adversary have a very special form: All jobs have the same
upper limit p̄, and the processing time of every job is either 0 or p̄.

Consider instances of n jobs with uniform upper limit p̄ > 1, and consider any deter-
ministic algorithm. We say that the algorithm touches a job when it either tests the job or
executes it untested. We re-index jobs in the order in which they are first touched by the
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ALGORITHM UTE

competitive ratio lower 
bound

upper 
bound algorithm

deterministic ratio 1.8546 2 THRESHOLD

randomized ratio 1.6257 1.7453 
(asymptotic ratio) RANDOM

det. ratio. when  
∀j: uj=p 1.8546 1.9338 BEAT

det. ratio. when
∀j: uj=p, pj∈{0,p} 1.8546 1.8668 UTE

• has ratio 

• Parameter  

• Execute all jobs 
untested if p≤ρ 

• Otherwise test all 
jobs. Execute right 
after their test the first 
max{0,β} fraction of 
jobs. Then only if pj=0. 
Finally execute 
deferred jobs. 

• Worst case instance 
defined by  
length p  
fraction γ: the first γn 
tested jobs have pj=p 
and the remaining 
pj=0 

• Second order analysis 
to optimize p,γ and β
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Figure 6 Competitive ratio depending on p̄.

employing Threshold at T
2

¥ 2.2948, the crossing point of the two functions describing
the competitive ratio of Beat and Threshold in (2, 3).
I Algorithm. Execute all jobs without test, if the upper limit p̄ is less than T

1

¥ 1.9338. Oth-
erwise, if the upper limit p̄ is greater than T

2

¥ 2.2948, execute the algorithm Threshold.
For all upper limits between T

1

and T
2

, execute the algorithm Beat.
The function describing the asymptotic competitive ratio depending on p̄ is displayed in
Figure 6. Its maximum is attained at T

1

, which is a fixpoint. Thus we have

I Theorem 12. The asymptotic competitive ratio of our algorithm is flŒ = T
1

¥ 1.9338,
which is the only real root of 2p̄3 ≠ 4p̄2 + 4p̄ ≠ 1 ≠


(1 ≠ 2p̄)2(4p̄ ≠ 3).

5.2 Nearly tight deterministic algorithm for extreme uniform instances
We present a deterministic algorithm for the class of extreme uniform instances, that is
almost tight for the instance that yields the deterministic lower bound. An extreme uniform
instance consists of jobs with uniform upper limit p̄ and processing times in {0, p̄}. Our
algorithm UTE attains asymptotic competitive ratio flŒ ¥ 1.8668 for this class of instances.
I Algorithm (UTE). If the upper limit p̄ is at most fl, then all jobs are executed without
test. Otherwise, all jobs are tested. The first max{0, —} fraction of the jobs are executed
immediately after their test. The remaining fraction of the jobs are executed immediately
after their test if they have processing time 0 and are delayed otherwise, see Figure 7. The
parameter — is defined as

— = 1 ≠ p̄ + p̄2 ≠ fl + 2p̄fl ≠ p̄2fl

1 ≠ p̄ + p̄2 ≠ fl + p̄fl
. (1)

I Theorem 13. The competitive ratio of UTE is at most fl = 1+

Ô
3+2

Ô
5

2

¥ 1.8668.

Proof sketch. An instance is defined by the job number n, an upper limit p̄ and a fraction
“ such that the first “ fraction of the jobs tested by UTE have processing time p̄, while the
jobs in the remaining 1 ≠ “ fraction have processing time 0. The algorithm chooses — so as
to have the smallest ratio fl.

First we observe that there is a value pú such that — Ø 0 only when p̄ Æ pú. Then we
analyze the competitive ratio of UTE, distinguishing the cases p̄ Æ fl (covered by Lemma 1),
p̄ Ø pú and p̄ Æ pú. The last case is furthermore subdivided into cases “ Ø 1≠— and “ Æ 1≠—.
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Figure 7 The schedule produced by UTE and the optimal schedule.

For each of these cases we use first and second order analysis to determine the worst values
p̄ and “ for the ratio, and the best response — the algorithm can choose, optimizing — and
fl on the way, and obtaining the claimed values. J

I Remark. The deterministic lower bound 1.8546 in Theorem 8 uses the upper limit p̄ ¥
1.9896. Plugging this choice of p̄ into a precise form of the competitive ratio which we
obtained in the proof of the theorem, we can show that UTE has asymptotic competitive
ratio flŒ ¥ 1.8552 on this instance. This is almost tight.

6 Optimal Testing for Minimizing the Makespan

We consider scheduling with testing with the objective of minimizing the makespan, i.e., the
completion time of the last job. For this problem we give the best possible competitive ratio
for deterministic and randomized algorithms. The key insight is that for any algorithm that
treats each job independent of its position in the schedule, there is a worst-case instance
containing only a single job. The reason is that the execution of a job (possibly including
testing) has a linear contribution to the makespan.

I Theorem 14. Let Ï ¥ 1.618 be the golden ratio. Testing each job j if and only if p̄j > Ï

is an algorithm with competitive ratio Ï. This is best possible for deterministic algorithms.

I Theorem 15. The randomized algorithm that tests each job with p̄j > 1 with probability
1 ≠ 1/(p̄2

j ≠ p̄j + 1) has competitive ratio 4/3. No randomized algorithm can achieve a better
competitive ratio against an oblivious adversary.

7 Conclusion

In this paper we have introduced an adversarial model of scheduling with testing where a
test can shorten a job but the time for the test also prolongs the schedule, thus making it
di�cult for an algorithm to find the right balance between tests and executions. We have
presented upper and lower bounds on the competitive ratio of deterministic and randomized
algorithms for a single-machine scheduling problem with the objective of minimizing the sum
of completion times or the makespan. An immediate open question is whether it is possible
to achieve competitive ratio below 2 for minimizing the sum of completion times with a
deterministic algorithm for arbitrary instances. Further interesting directions for future
work include the consideration of job-dependent test times or other scheduling problems
such as parallel machine scheduling or flow shop problems. More generally, the study of
problems with explorable uncertainty in settings where the costs for querying uncertain
data directly contribute to the objective value is a promising direction for future work.
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• has parameters T≥E 

• Schedule untested all jobs with upper 
limit < T in increasing upper limit order  
Test in random order all larger jobs j,  
if pj≤E execute immediately, else defer 
their execution  
Finally schedule deferred jobs  
in increasing processing time order 

• Worst case instances: 
(1-α-β-γ) fraction of jobs : uj=T, pj=0 
αn jobs have uj=T, pj=T 
βn jobs have uj=E, pj=E  
γn jobs have uj=E+ε, pj=E+ε 

• Ratio ≤ T iff 
G := OPT･T - ALG ≥ 0 

• Algorithm chooses T, E to max. G  
Adversary chooses α,β,γ to min. G

E+εT E+ε E+εEEEET T

1

tests in random order defered jobs

1 1 1 1

1-α-β-γ α

ALG:

OPT:

1 E1 T1
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β γ
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« Every decision we make,  
is the wrong one.

-Murphy
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